A new interatomic potential for metals based on the embedded atom method is proposed in this paper. Some approximation of electron density distribution is suggested from the basic principles of quantum mechanics. The functional form of the electron density distribution includes two adjustable parameters. The form of this distribution defines the pair potential and, in part, the form of embedding energy function. The parameters are determined empirically by fitting to the equilibrium lattice constant, cohesion energy, vacancy formation energy, low index surface energy and elastic constants. Potential parameters for 27 metals (10 fcc metals, 9 bcc metals and 8 hcp metals) are presented. Potential is expressed by simple functions and can be used in molecular dynamics simulations of large atomic systems.
Notation a, c equilibrium lattice constants, E c , E vf experimental cohesive energy per atom and unrelaxed vacancy formation energy, c 11 , c 12 , c 13 , c 33 , c 44 experimental crystal elastic constants, B experimental bulk modulus, E 
Introduction
In spite of considerably increased computer speeds, the application of ab initio methods for an atomistic simulation of materials is still limited to relatively small systems of atoms and relatively short simulation times. By contrast, the use of empirical interatomic potentials makes it possible to simulate much larger systems for much longer times. For this reason there is a demand for realistic interatomic potentials.
In this paper we propose a consistent and practicable interatomic potential for pure metals. In this section of the paper we introduce our approach to the development of interatomic potential. Section 1 describes a strategy of parametrization of interatomic potential. In section 2 we present the results of fitting and testing the potential for 27 metals. In section 3 we summarize our results and make some conclusions.
The potential developed in this work is based on the formalism of the embedded-atom method (EAM) [1, 2] . In the framework of EAM, the total energy of a system can be written as
here E tot is total energy of the system of N atoms, E n is the internal energy associated with atom n, ρ n is the electron density at atom n due to all other atoms, ρ(r nm is the contribution to the electron density at atom n due to atom m at the distance r nm from atom n, F (ρ n ) is the embedding energy of the atom into the electron density ρ n , ϕ(r nm ) is the two body central potential between atoms n and m separated by r nm . Interpretation and functional form of ϕ(r), ρ(r), and F (ρ) depend on a particular method. The popularity of the EAM model results from its quantum mechanical justification, as well as its mathematic simplicity, which makes this model conducive to large-scale computer modeling.
In recent years, a number of EAM potential models for fcc metals have been proposed. For example, Sheng et al. [3] have developed EAM potentials for fourteen fcc metals. The potentials were developed by fitting the potential-energy surface of each element derived from high-precision first-principles calculations. The three determining functions were expressed with quintic spline functions for each element. Typically 15 equidistant spline knots were used for both the density and the pair functions, and 6 spline knots were used for the embedding function. This results in a great quantity of fitting parameters. Hijazi and Park [4] have proposed potential for seven fcc metals: Ag, Al, Au, Cu, Ni, Pd and Pt. This potential has six adjustable parameters. Dai et al. [5] have proposed an extended Finnis-Sinclair potential for six fcc metals: Ag, Au, Cu, Ni, Pd and Pt.
A potential for a bcc metal should predict an energetic stability of a more open (not close packed) bcc structure. Dai et al. [5] have developed an extended Finnis-Sinclair potential for six bcc metals: Fe, V, Mo, Nb, Ta and W. Lee et al. [6] have applied the second nearestneighbor modified embedded atom method (MEAM) to bcc transition metals, Fe, Cr, Mo, W, V, Nb, and Ta. In MEAM model the electron densities are defined as the sum of term with s, p, d, and f symmetry from the neighboring atoms. By including these angular terms in the background electron density, angular forces are introduced into the model. MEAM potentials are up to 10 times less computationally efficient as compared to EAM potentials [7] . This is because the electron density in MEAM has more complicated expression involving sums over three-body contributions that depend on the angle θ ijk subtended by atoms j and k at a central atom i. Wilson and Riffe [8] have presented an EAM model that accurately describes vibrational dynamics in the alkali metals Li, Na, K, Rb, and Cs.
Compared to both fcc and bcc metals, the hexagonal close-packed (hcp) metals have been studied relatively little, both experimentally and with simulations. The application of EAM to hcp metals is more difficult in comparison with the cubic metals. In fitting potentials for an hcp metal one should take care to ensure the required c/a ratio which experimentally seldom equals exactly (8/3) 1/2 (it is the "ideal" value calculated for close packing of hard spheres). In addition there are 5 elastic constants, rather than 3 as in cubic metals. Pasianot and Savino [9] have made EAM-like potentials for hcp metals Hf, Ti, Mg and Co. They also showed that an EAM-like model cannot reproduce all elastic constants correctly for those hcp metals which have
Such metals are e.g. Be, Y, Zr, Cd and Zn. Cleri and Rosato [10] have derived parameters of tight-binding potential for the hcp metals Ti, Zr, Co, Cd, Zn and Mg. Comparison with the experimental data shows that they obtained a reasonable agreement for Mg and Co whereas the agreement is not satisfactory for other metals. Chen et al. [11] have proposed an EAM potential for five metals, Co, Ti, Hf, Zr and Ru. In order to simulate anisotropic properties of hcp metals two sets of parameters in the potential model was used. The equilibrium hcp structure contains only two types of planes with an alternating ABAB. . . arrangement. The first set of parameters determines the interactions between atoms in A-plane or in B-plane. The second set determines the interaction between atoms of A-plane and B-plane. Thus, this potential can be applied only to the problems where atomic structure is close to the equilibrium hcp structure. Baskes and Johnson [12] have developed a MEAM potential for hcp metals.
The purpose of this paper is to present consistent and practicable EAM model which can be applied to many widely used metals. Some approximation of electron density distribution is suggested in this paper. The form of this distribution defines the pair interaction and, in part, the form of embedding energy function. Such approach is physically justified because interaction in metals is governed by the electron density distribution of atoms.
Potential construction
Consider an atom with N electrons. In the non-relativistic case many-electron wave function Ψ satisfies the Schredinger equation [13] :
where h is Planck's constant and m e is the electron mass. The Laplace operator ∆ acts in the N -dimensional coordinate space. Potential energy is
where U 0 is the potential energy of electron-nucleus interaction and U 1 is the potential energy of electron-electron interaction. To consider electrostatic interaction between atoms one can use the quasiclassical approximation where electron charge is "smoothed" around nucleus and the electron density is introduced. The density of an electron cloud is defined as follows
where angle brackets mean averaging over all possible permutations with respect to r and r i and integration is performed over 3(N −1) coordinates. Suppose that ψ k (r), k = 1, 2, . . . is a complete set of orthonormalised single-electron wave functions. Then any many-electron wave function can be expressed as a linear combination of products of single-electron wave functions as follows
where index i enumerates all possible many-electron states in terms of appropriate statistics and index k enumerates all possible single-electron states. Then we obtain the following expression for the electron density
Consider a hydrogen-like atom. The normalized wave function in this case has the form in spherical coordinates [13] 
where n, l, m are the quantum numbers, Y lm (θ), ϕ) are spherical harmonics and D nl (r) are some polynomials. After substituting wave functions (3) into (2) and averaging over the angles, we obtain
Here we express the sum of squares of polynomials D nl (r) with positive coefficients as the square of some polynomial P i (r).
We will calculate the interaction between the two atoms when the distance between them is relatively large so that only the outer electron clouds overlap. This corresponds to small values of α i . We will determine parameters of electron density distribution from experimental data so that the degree of polynomial P i should not be too high. As a first approximation, one can suggest the following form of the electron density distribution
The electric potential created by this electron density can be shown to be
where ǫ 0 is the vacuum permittivity. Consider the energy of electrostatic interaction between two atoms. The energy consists of three parts:
where U nn is the energy of electrostatic interaction between nuclei, U ss is the energy of interaction between electron shells and U ns is the energy of interaction between nucleus and electron shell of other atom. They are
where r is the distance between the centres of electron shells where nuclei with charges Q 1 и Q 2 are located. One can obtain the analytical expression for U ss . However the expression is very cumbersome even in the case of two identical atoms and it is not presented here. A quantum mechanical effect of the exchange interaction plays an important role when electron shells overlap. To take into account this effect we introduce the adjustable parameter γ and then write the two body central potential in the form
Substituting the analytical expression for U ss into (4) and rearranging the obtained relation gives the following form of the two body potential for identical atoms
where parameters a n depend on α and β:
Functions p n are of the form
The first-principles calculations give the following important information about the general behavior of the embedding energy function [14] :
where ρ is the background electron density found in metals. The embedding energy function F (ρ) is assumed to be in the following form:
where ρ e is the equilibrium electron density and c n are some coefficients. In practical applications of EAM potentials, it is also desirable to employ a switching function in order to terminate the potential and forces smoothly at the cut off distance because the energy conservation is sensitive to the truncation of the force field. For this purpose, a simple polynomial switching function f c (r) can be applied to the electron density distribution and to the pair potential in a region just below the cut off distance r c :
where r sw is the distance at which the switching function is applied. The values of coefficients
Parameterization procedure
In order to define the potential of interaction between identical metal atoms one need to fit two parameters of the electron density distribution α and β, and coefficients of the embedding energy function (9) . Consider a perfect, homonuclear crystal at zero temperature. Because all atoms are equivalent, we can associate the origin of the coordinates with some atom and rewrite (1) as
where r m are the distances between neighbors and the sum is over neighbors. The distances are determined by the lattice parameters. The ground-state properties of solid metal can be calculated from (10) . The lattice equilibrium is defined by the condition
The cohesive energy per atom is given by
The unrelaxed vacancy formation energy is
The elastic constants at equilibrium can be also calculated [15] and approximate value of bulk modulus is given by
where V a is the underformed atomic volume. Parameterization procedure consists of three stages: 1. The set of values of (α,β) is specified. For each pair (α,β) we calculate the values of γ, ρ e F (ρ e ), F ′ (ρ e ) and F "(ρ e ) that satisfy condition (11) and the condition
2. We choose such pairs (α,β) wherein γ > 0 and conditions (6)- (8) are satisfied for ρ=ρ e ; 3. From the obtained set of pairs we determine the optimal pair (α, β) that provides the minimal value of c 11 − c for hcp metals. To calculate coefficients c n of embedding energy function (9) we require nine conditions. First of all we have values of ρ e , F (ρ e ), F ′ (ρ e ) and F "(ρ e ) that correspond to the optimal pair (α,β). Then we can calculate
Many studies require knowledge of interatomic interaction at distances different from the equilibrium one. Rose it et al. [27] have shown that the total binding energy of most metals, both alloys and elements, as a function of lattice constant can be described by a universal equation:
where f (a * ) is a low-order polynomial, a * is a scaled length determined by the radius of WignerSeitz sphere r W S , r W SE and l are equilibrium radius and the length scale, respectively. The values of coefficients c 3 , c 4 and c 5 are so calculated that they provide the best fit to the equation of state (EOS) of Rose et al. [27] when 0.7a lattice constant a. The surface energy is a fundamental property of a metal surface and it is the energy required to create a new surface. The surface energy can be determined by taking the energy difference between the total energy of a periodic slab and an equivalent bulk reference amount:
where E slab is the total energy of an N -atom slab, E bulk is the energy of one atom in the bulk at the lattice constant of the atoms in the interior of the slab (=E c ), S is the area of the slab surface, and the factor 1/2 accounts for the two surfaces in the slab. For simplicity, the calculations were done using the bulk equilibrium lattice parameters, with no relaxation or reconstruction at the surface. We have calculated the formation energies for bulk terminated low index (100), (110) and (111) surfaces. It is known that E sf (111) < E sf (100) < E sf (110) for bcc and fcc metals. Then E sf (100) should be close to the average surface energy for polycrystalline solids E sf . The values of the last three coefficients c 6 , c 7 and c 8 are so calculated that they satisfy condition (5), condition E sf (100) − E sf /E sf 0.05 and provide the best fit to the equation of state (EOS) of Rose et al. [27] when a lattice constant 1.5a.
As an illustration the proposed EAM potential functions for Al, Fe and Ti are shown in Figs. 1-3 on page 238. The density in Fig. 3 is scaled by the corresponding equilibrium electron density. Fig. 4 
Results
The experimental data used in fitting procedure consist of the equilibrium lattice constant, the cohesive energy, the vacancy formation energy, the bulk modulus and three elastic constants. They are given in Tab. 1-6 and 11. The fitting procedure is performed using a cutoff distance r c = 2a for fcc and bcc metals, and r c = 2c for hcp metals so that the long-range interactions are included. [20] 0.310 [20] 0.264 [20] 0.094 [20] 
Results of potential fitting for bcc metals
In what follows the results of fitting for nine bcc metals are presented. Tab. 7 lists the parameters of the atomic electron density distribution. Parameters of pair potential are listed in Tab. 8. Coefficients of the embedding function F (ρ) are given in Tab. 9.
The calculated properties of pure metals from the proposed potential are compared with the experimental values, to which they were fitted in Tab. 10. The first lines contain the experimental values, while the second lines contain the values predicted by the potential. As the fitting procedure suggests the equilibrium lattice constant, the cohesive energy, the vacancy formation energy and the bulk modulus are reproduced exactly. For softer materials such as Li, Na and K, the average discrepancy between the calculated and experimental values of elastic constants is found to be relatively large. For other metals, the match between experiment and the proposed EAM model is good and the average discrepancy is found to be less than 5%. 
Results of potential fitting for hcp metals
In what follows the results of fitting for eight hcp metals are presented. Tab. 12 lists the parameters of the atomic electron density distribution. Parameters of pair potential are listed in Tab 13. Coefficients of the embedding function F(r) are given in Tab. 14.
The calculated properties of pure metals from the proposed potential are compared with the experimental values, to which they were fitted in Tab. 15. The first lines contain the experimental values, while the second lines contain the values predicted by the potential. As the fitting procedure suggests the equilibrium lattice constant, the cohesive energy, the vacancy formation energy and the bulk modulus are reproduced exactly. For such materials as Sc, Ta and Y, the errors are found to be relatively large. As for other metals, the match between experiment and the proposed EAM model is generally satisfactory and the average discrepancy is found to be less than 10%. Generally, if we consider the match between experimental and calculated results for hcp metals then it is worse in comparison with the results obtained for bcc and fcc metals. This is due to reasons discussed in Introduction. 
Summary
This paper presents parameters of a new EAM potential model to describe pure metals. The potential model has a simple function form and it is easy to use in computer simulations. The potential parameters were determined by fitting the pure metal bulk properties: equilibrium lattice constant, the cohesive energy, the bulk modulus, the vacancy formation energy and elastic constants. The fitting procedure has been applied to 27 metals (10 fcc metals, 9 bcc metals and 8 hcp metals). The equilibrium lattice constant, the cohesive energy, the bulk modulus and the vacancy formation energy are reproduced exactly. The agreement between the calculated elastic constants and the experimental data is good. The pair potentials for all metals include long-range interactions. Metal embedding energies have a positive curvature that is in line with first-principles calculations. For all metals, the calculated relation between total energy and lattice constant is in good agreement with that obtained from the equation of state of Rose et al. One common problem with the EAM is that this method often underestimates the surface energies. In the current work, we see improvement of the newly developed potentials over previous EAM models in describing surface energies.
The theory of dynamic bonding [55] suggests that electrons in metals are not free but they are rather tightly bound to the atoms. Then we can assume that the form of electron density dis-tribution of a metal atom depends only slightly on surrounding atoms. As a first approximation, one can assume that the embedding energy function is the unique property of an atom because it depends only on electron density due to all other atoms. Then the proposed potential for pure metals allows one to create extensive interaction parameters database for binary systems. All one need to do is to fit the parameters of pair cross-interaction functions against experimental or ab initio data for the relevant alloy system.
The proposed EAM potentials are believed to find applications in diverse areas of materials science and engineering.
